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In this paper, shakedown of a cohesive-frictional half space subjected to moving surface loads is investigated using Mel-
an’s static shakedown theorem. The material in the half space is modelled as a Mohr–Coulomb medium. The sliding and
rolling contact between a roller and the half space is assumed to be plane strain and can be approximated by a trapezoidal
as well as a Hertzian load distribution. A closed form solution to the elastic stress ﬁeld for the trapezoidal contact is
derived, and is then used for the shakedown analysis. It is demonstrated that, by relaxing either the equilibrium or the yield
constraints (or both) on the residual stress ﬁeld, the shakedown analysis leads to various bounds for the elastic shakedown
limit. The diﬀerences among the various shakedown load factors are quantitatively compared, and the inﬂuence of both
Hertzian and trapezoidal contacts for the half space under moving surface loads is studied. The various bounds and shake-
down limits obtained in the paper serve as useful benchmarks for future numerical shakedown analysis, and also provide a
valuable reference for the safe design of pavements.
 2008 Elsevier Ltd. All rights reserved.
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design1. Introduction
The static shakedown theorem proposed by Melan (1938), together with the kinematic shakedown theorem
proposed by Koiter (1960), constitute the cornerstone of shakedown analysis for elastoplastic structures under
cyclic loading. While originally used to address material behaviour with simple assumptions such as geometric
linearity, elastic perfectly plastic constitutive relations and associated ﬂow, the shakedown theorems have been
extended to cover a broad category of applications that account for the eﬀects of high temperature, strain or
work hardening, nonlinear geometry, dynamic behaviour, and non-associated plastic ﬂow. Numerical meth-
ods such as the ﬁnite element method have also been employed to predict shakedown behaviour in various
materials for general cases. Shakedown theory has thus become a useful tool in the design of a wide range0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.030
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ing industry. Comprehensive reviews of the development of shakedown theory can be found in various mono-
graphs such as those of Ko¨nig and Maier (1981), Polizzotto (1982), Johnson (1985) and Ko¨nig (1987), as well
as more recent research papers (see, for example, Ponter et al., 1985, 2006; Pycko and Maier, 1995; Maier,
2001; Polizzotto et al., 2001; Zouain and Silveira, 2001; Bousshine et al., 2003; Feng and Sun, 2007; Polizzotto,
2007; Pham, 2007 and references therein).
In pavement engineering, the evaluation of road performance requires proper assessment of the permanent
deformation and fatigue under moving traﬃc loads. The complex nature of the problem clearly requires accu-
rate theoretical models in order to simulate the actual failure mechanics observed in pavement engineering
(Brown, 1996). In practice, it is economically desirable to construct pavements that can sustain stress levels
well beyond the elastic limit of their constituent materials. In particular, it is of major importance to determine
whether a given pavement structure, when subjected to a large number of load cycles, will experience progres-
sive accumulation of plastic strains and gradual failure, or whether the increase in plastic strains will cease to
occur, thereby leading to a stable response or shakedown. Field observations indicate that many pavements do
in fact shakedown rather than deform continuously. The use of the shakedown theorems can thus enable the
long term behaviour of a pavement to be determined without resorting to computationally expensive step-by-
step analyses. As a consequence, shakedown theory has received much attention from researchers in the ﬁeld
of pavement engineering over the past two decades – see, for example, the work of Sharp and Booker (1984),
Collins and Cliﬀe (1987), Collins et al. (1993), Yu and Hossain (1998), Collins and Boulbibane (2000), Yu
(2005) and Krabbenhøft et al. (2007a).
For a given structure and load regime, the shakedown load factor depends on the elastic parameters and the
yield limits of the materials, not on the actual way the system evolves before the shakedown condition is
reached (Martin, 1975; Stein et al., 1992). In order for shakedown theory to provide useful pavement design
information, the Mohr–Coulomb yield criterion has long been preferable to the Tresca criterion for the
description of the cohesive-frictional nature of pavement materials, but this gives rise to a number of compli-
cations in analytical and numerical computations. Sharp and Booker (1984) proposed an elegant method of
conics to handle Mohr–Coulomb materials in shakedown analysis. This was studied further by Collins and
Cliﬀe (1987) in conjunction with kinematic upper bounds for the shakedown limit. The ﬁnite element method,
in tandem with linear and nonlinear programming techniques, has also been used to compute shakedown lim-
its numerically (see, e.g., Shiau, 2001; Boulbibane and Ponter, 2006; Li and Yu, 2006). When applying Melan’s
theorem to cohesive-frictional materials, however, considerable confusion exists that may give rise to inaccu-
rate and inconsistent predictions of the shakedown limit. Speciﬁcally, some of the constraints on the residual
stresses that are necessary in deriving rigorous shakedown limits are often inadvertently neglected. As pointed
out by Krabbenhøft et al. (2007a), and demonstrated again here, this always leads to upper bounds to the
static shakedown limit.1
The ﬁrst constraint that is frequently neglected in the literature is the yield condition on the residual stress
ﬁeld. According to Melan’s theorem, this constraint is necessary in deriving the shakedown limit for cyclic
loading of a pavement. For such a pavement, the moving loads on the road surface constitute a typical
two-point load domain with zero being one of the load vertices. Once the external load becomes zero, the yield
constraint on the combined (total) stresses in Melan’s theory will degenerate to a yield constraint on the resid-
ual stresses alone. Thus, to ensure the whole stress history lies within the yield surface, the yield constraint
must be imposed on the residual stresses. One may argue that by checking the yield condition on the total
stresses this scenario should be covered automatically as a special case. Depending on the procedure used
to compute the shakedown limit, this is not always suﬃcient (as discussed in detail in Section 4). Research
that recognises this key point in pavement shakedown analysis includes the work of Sharp and Booker
(1984), Collins and Cliﬀe (1987) and Krabbenhøft et al. (2007a). Collins and Cliﬀe (1987) appear to be the
ﬁrst to explicitly indicate that the residual stresses must satisfy the yield condition when computing the shake-
down limit. They remark that the positive shakedown load factor must be obtained with a residual stress that
lies between the uniaxial compression and tension limits. This requirement is precisely the yield constraint on the1 Provided an exact elastic solution is employed and the discretisation error is small.
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second key constraint arises from the equilibrium condition on the residual stresses. For cohesive-frictional
materials, the introduction of the Mohr–Coulomb criterion in shakedown analysis complicates the derivation
of analytical solutions and numerical approaches appear to be the only option. In the plane strain rolling con-
tact problem treated here, we will demonstrate that the equilibrium condition on the residual stresses can be
easily missed in a numerical computation, and that the resultant load factor often overestimates the true
shakedown limit.
The main purpose of this paper is to demonstrate the signiﬁcance of the above-mentioned residual stress
constraints when predicting shakedown limits. To this end, an example of a half space under moving surface
loads is studied for the case of rolling and sliding contact between a roller and road surface. Both Hertzian
and trapezoidal load distributions are investigated. By neglecting either or both of the two constraints on the
residual stresses, we show that various bounds to the static shakedown limit are obtained. If they are used
for pavement applications, these solutions may thus lead to unconservative designs. When deriving a rigor-
ous static shakedown limit, the exact elastic stress distribution in the half space under the contact load is
needed. While the solution to the Hertzian contact problem was solved last century, it is surprising to ﬁnd
that a closed form solution for trapezoidal rolling and sliding contact is not available in the literature. Even
though many have referred to the monograph of Poulos and Davis (1974), they only give solutions for a
special case. This paper thus derives a general closed form solution to the trapezoidal rolling and sliding con-
tact problem. In this solution, the trapezoidal shape is variable (compared with the ﬁxed geometry given in
the past) so that various contact shapes between a roller and the road surface can be simulated. The exact
solution to the trapezoidal contact problem is useful in other applications, such as benchmarking elastic
stress ﬁelds computed by ﬁnite elements. It is shown that the shakedown limits obtained using this exact elas-
tic solution are quite diﬀerent to those given in previous studies. Possible reasons for this discrepancy are
discussed.
2. Shakedown and the constraints on the residual stress ﬁeld
Residual stress is a tensile or compressive stress which exists in the bulk of a material without application
of an external load. Melan’s shakedown theorem states that these stresses must be time-independent, self-
equilibrating and satisfy the yield constraint in order for shakedown to occur. Suppose a structure is sub-
jected to a cycle of loading and unloading. Upon removal of all external forces and displacements at the end
of the cycle, we consider the material body to be in an intermediate ‘stable’ state, where ‘stable’ is used to
imply that plastic ﬂow (if any) ceases to occur and a rate-independent state exists in the structure. Accord-
ing to Koiter (1960), no more than one residual stress distribution can exist in the material body given this
intermediate stable state of plastic strains (and zero prescribed displacements on some surface Su). To
ensure this intermediate stable deformation state is time-independent, the corresponding residual stress ﬁeld
must therefore nowhere violate the yield condition otherwise plastic ﬂow will continue to occur. This point
has been emphasized by Symonds (1951) in an alternative proof of Melan’s shakedown theorem. To sum-
marise the above points, Melan’s static shakedown theorem may be expressed mathematically in the follow-
ing form:kSD ¼ maxðk;qÞ k s:t:
qij;j ¼ 0; niqij ¼ 0;
f ðqijÞ 6 0;
f ðqij þ krijÞ 6 0:
8><
>: ð1Þwhere k is the load factor, qij is a self-equilibrating residual stress ﬁeld, rij is an elastic stress ﬁeld induced by
cyclic external loads, f() denotes the yield condition, and kSD is the ‘static shakedown limit’. For each stage of
loading, the sum of the elastic stress and the residual stress, r^ij ¼ qij þ rij, is termed the ‘post transient stress’
by Polizzotto (1993). Note that in Eq. (1), the ﬁrst two equations denote the self-equilibrating conditions,
while the last two inequalities denote the yield conditions on the residual stresses and total stresses, respec-
tively. These two yield conditions guarantee that both the residual stresses and the total stresses are ‘safe stres-
ses’ as termed by Koiter (1960).
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are some interesting implications if either or both of them are neglected in the calculation of the shakedown
limit. First, if we neglect both the equilibrium and yield constraints on the residual stresses, Eq. (1) simpliﬁes
to:kI ¼ maxðk;qijÞ k s:t:f ðqij þ krijÞ 6 0: ð2Þwhich will constitute an upper bound on the static shakedown limit. Following Krabbenhøft et al. (2007a), we
denote this load factor an ‘‘upper bound type 1” for convenience. Relaxing all the speciﬁc constraints on the
residual stresses qij means that they may assume many values, including ones which cancel the stresses induced
by the external loads to make the total stresses lie within the yield surface. As a consequence, the ‘‘upper
bound type 1” solutions deﬁned in Eq. (2) can, theoretically, be inﬁnite. However, for the sliding and rolling
contact problem considered here, the residual stresses qij are properly bounded so that the upper bound type 1
solution still has a ﬁnite value.
Alternatively, if we relax the equilibrium conditions on the residual stress ﬁeld but retain the yield condi-
tions, another upper bound to the static shakedown limit can be obtained:kII ¼ maxðk;qijÞ k s:t:
f ðqijÞ 6 0;
f ðqij þ krijÞ 6 0:
(
ð3ÞThis load factor will be termed an ‘‘upper bound type 2” on the static shakedown limit. We note that this
upper bound actually corresponds to the static plastic shakedown limit as deﬁned by Polizzotto (1993).
The relationship of the plastic shakedown limit to other shakedown limits, for a variety of deviatoric plastic
models, has been discussed by Krabbenhøft et al. (2007b).
Finally, a third type of upper bound on the elastic shakedown limit can be obtained by relaxing the yield
constraints on the residual stress ﬁeld but retaining the equilibrium conditions:kIII ¼ maxðk;qÞ k s:t:
qij;j ¼ 0; niqij ¼ 0;
f ðqij þ krijÞ 6 0:
(
ð4ÞAs the elastic stress ﬁeld rij is in equilibrium, the above factor actually corresponds to the plastic collapse load
that is often treated in limit analysis. In this paper, we term it an ‘upper bound type 3’. Provided rij is exact
and the discretisation error is small, we expect the shakedown limits described above to be ordered so that
kE 6 ksd 6 (kII,kIII) 6 kI, where kE denotes the elastic limit.3. Rolling and sliding contact between a vehicle wheel and pavement
3.1. Contact approximations
To begin with, the material of the half space is assumed to be isotropic and homogeneous, with a self-
weight which is small compared to the stress gradient being applied so that it can be neglected. As remarked
by Sharp and Booker (1984), analysing the behaviour of a pavement subjected to wheel loads is by no means
trivial since the latter are cyclic and vary in magnitude, contact area and spatial distribution. Indeed, the prob-
lem is suﬃciently complex that one has to resort to appropriate simpliﬁcations. A commonly used approxima-
tion of the actual wheel loading is to simulate it as a roller loading with the axis of the roller being normal to
the travel direction (x) and the vertical direction (z). Under these conditions, the problem can be simpliﬁed to
be a two-dimensional plane strain one with the out-of-plane axis coinciding with the wheel axis. The resulting
stress state in the vertical plane y  z through the centreline of the wheel is simulated with reasonable accu-
racy, while the stresses in other regions are generally overestimated (thus implying a conservative estimation of
the true load limits for the pavement). The roller load is assumed here to traverse the surface z = 0 of the half
space continuously in the x direction. The coeﬃcient of friction l between the tyre and the road surface is
assumed to be constant, with the slip between the roller and the road surface being fully developed so that
the tangential shear loading is proportional to the vertical pressure.
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tyre exhibit a variation in the direction of travel which can be approximated by a trapezoidal distribution
(Fig. 1b). Indeed, this pressure distribution has been assumed in many previous shakedown analyses in com-
bination with an independent horizontal shear stress induced by friction (e.g., Sharp and Booker, 1984; Collins
and Cliﬀe, 1987 among others). Approximating the rolling–sliding contact by a trapezoidal pressure distribu-
tion is appealing for numerical computations, since it is simple to model. However, it can be argued that the
real contact pressure distribution between a loaded tyre and the road surface should be smoothly continuous
across the contact area. This leads to another popular approximation, Hertzian contact (Johnson, 1985), for
simulating rolling and sliding behaviour on pavements (Fig. 1a). One major advantage of the Hertzian
approximation is the availability of an exact analytical solution for the elastic stress ﬁeld. Nevertheless, we
note that the shape of the actual contact depends heavily on the tyre inﬂation pressure as well as the
magnitude of the load. According to Croney (1977), when the load is small or the inﬂation pressure is high,
the contact area is approximately circular. Otherwise, if the wheel load is high or the tyre inﬂation pressure is
low, the contact area becomes elongated (see Fig. 2). If we assume the design tyre has the same standard inﬂa-
tion pressure, shakedown analysis seeks the highest load a pavement can sustain and an elongated contact area
is more appropriate. Thus a trapezoidal pressure distribution with a high b/a ratio will be physically more
realistic than a Hertzian distribution. Nevertheless, in this paper, we investigate both cases and present com-
parisons between the results.
To simulate the contact behaviour between a tyre and the road surface under extreme cyclic loads realis-
tically, a trapezoidal pressure distribution with a b/a value greater than 0.9 may be necessary (see Fig. 2).
In the majority of previous shakedown studies dealing with trapezoidal contact, however, this ratio has been
ﬁxed at 0.5. As will be shown later, assuming b/a = 0.5 will often lead to a static shakedown limit that is
greater than those for higher values of b/a. This eﬀect may possibly lead to unsafe pavement design and willTravel direction 
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Fig. 1. Deﬁnitions of pavement surface subject to rolling and sliding loading. (a) Hertzian contact; (b) trapezoidal contact.
Fig. 2. Lateral contact pressure measure between loaded tyre and road surface (after Croney, 1977).
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the elastic stress ﬁeld in the half space underneath a general trapezoidal contact pressure distribution is
derived. Somewhat surprisingly, no closed form solution to the exact elastic stress ﬁeld appears to have been
given for the frictional contact case with a variable ratio of b/a. Following the convention in soil mechanics,
compressive stresses are taken to be positive in this paper.
3.2. Analytical elastic stress solutions to the contact problem
For the Hertzian contact, the pressure distribution due to the moving roller is given by the following
expressions:pz ¼ p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=aÞ2
q
px ¼ lpz
(
ð5Þwhere p0 denotes the maximum vertical pressure at x = 0 (see Fig. 1a). To make the trapezoidal distribution
comparable to the Hertzian one, we assume the half contact lengths, a, for the two cases are the same, but b is
left unspeciﬁed. Suppose the maximum vertical pressure at the centre of the trapezoid is p00 (see Fig. 1b). Then
the pressure distribution for the trapezoidal case is:pz ¼ p00ða jxjÞ=ða bÞ; b < jxj 6 a;
pz ¼ p00; jxj 6 b;
px ¼ lpz:
8><
>: ð6ÞIn addition, we need to set the total vertical force in both cases to be equal so that:Z a
a
p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=aÞ2
q
dx ¼ F z ¼
Z b
b
p00dxþ 2
Z a
b
p00
a x
a b dx ð7ÞThis gives the following relation between p0 and p
0
0:p00 ¼
pa
2 aþ bð Þ p0 ð8ÞTherefore, for the trapezoidal distribution, we have:pz ¼ pap0ða jxjÞ=½2ða2  b2Þ; b < jxj 6 a;
pz ¼ pap0=½2ðaþ bÞ; jxj 6 b;
px ¼ lpz:
8><
>: ð9ÞThe elastic stresses in the half space for Hertzian contact can be found in Johnson (1985) and will not be
repeated here. As there is no closed form solution available in the literature for the general trapezoidal contact
case, we derive one in this paper. Following the procedure proposed by Johnson (1985), integrating the point
vertical force and horizontal traction over the contact area gives the following elastic stress solution (for
detailed derivations see the Appendix A):rxx ¼ p
0
0
pðabÞ z ln
R2
3
R2
4
R2
2
R2
1
 
þ ðxþ aÞa3  ðx aÞa1 þ ða bÞa2
n o
þ lp00pðabÞ 3zða3  a1Þ þ ðx aÞ ln
R2
1
R2
2
 
 ðxþ aÞ ln R23
R2
4
 
 ða bÞ ln R22
R2
3
 n o
rzz ¼ p
0
0
pðabÞ fðxþ aÞa3 þ ða bÞa2  ðx aÞa1g þ
zlp0
0
pðabÞ fa1  a3g
rxz ¼ zp
0
0
pðabÞ fa1  a3g þ
lp0
0
pðabÞ z ln
R2
3
R2
4
R2
2
R2
1
 
þ ðxþ aÞa3  ðx aÞa1 þ ða bÞa2
n o
8>>>>><
>>>>:
ð10Þwhere the deﬁnitions for ai (i = 1, 2, 3) and Ri (i = 1, . . . ,4) are shown in Fig. 3.
At the pavement surface, z = 0, R21 ¼ ðx aÞ2, R22 ¼ ðx bÞ2, R23 ¼ ðxþ bÞ2, and R24 ¼ ðxþ aÞ2. The surface
stress distribution then has the following forms:
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In this case, a1 = a2 = a3 = 0 and: 8rxx ¼ lp
0
0
pðabÞ ðx aÞ ln xaxb
 2  ðxþ aÞ ln xþbxþa 2  ða bÞ ln xbxþb 2 ;
rzz ¼ 0; rxz ¼ 0:
<
: ð11Þ(2) b 6 jxj 6 a
In this case, a2 = 0. When b 6 x 6 a, then a1 = p and a3 = 0. If a 6 x 6  b, then a3 = p and a1 = 0.
Generally, if b < jxj < a, we have:rxx ¼ ðajxjÞp
0
0
ðabÞ þ
lp0
0
pðabÞ ðx aÞ ln xaxb
 2  ðxþ aÞ ln xþbxþa 2  ða bÞ ln xbxþb 2
 
;
rzz ¼ ðajxjÞp
0
0
ðabÞ ; rxz ¼
ðajxjÞlp0
0
ðabÞ :
8><
>: ð12Þ
At x = ± a, either ðx aÞ ln xaxb
 2 ¼ 0 or ðxþ aÞ ln xþaxþb 2 ¼ 0. We thus have:  8
rxx ¼  signðxÞlp
0
0
pðabÞ 2a ln
aþb
2a
 2 þ ða bÞ ln abaþb 2 ;<: ð13Þ
r ¼ 0; r ¼ 0:zz xz
Similarly, at x = ± b, we have:rxx ¼ p00 
signðxÞlp0
0
pðabÞ ða bÞ ln ba2b
 2 þ ðbþ aÞ ln 2bbþa 2
 
;
rzz ¼ p00; rxz ¼ lp00:
8<
: ð14Þ(3) jxj < b
In this case, a2 = p, a1 = a3 = 0 and:rxx ¼ p00 þ
lp0
0
pðabÞ ðx aÞ ln xaxb
 2  ðxþ aÞ ln xþbxþa 2  ða bÞ ln xbxþb 2
 
;
rzz ¼ p00; rxz ¼ lp00:
8<
: ð15Þ3.3. Mohr–Coulomb yield criterion for the pavement soil
The Mohr–Coulomb criterion is used to model the pavement under plane strain conditions:f ðrxx; rzz; rxzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrzz  rxxÞ2 þ 4r2xz
q
 ðrzz þ rxxÞ sin/ 2c cos/ ¼ 0 ð16Þwhere c is the cohesion, / is the internal friction angle, and the soil mechanics convention of compression
being positive applies.ab
x
z
0p′
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Fig. 3. Illustration of the trapezoidal contact.
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4.1. Solution procedures
For the rolling and sliding contact problem, the permanent deformation and residual stress distribution for
the plane strain contact will be independent of x and depend only on the depth z. The equilibrium of the resid-
ual stresses thus implies that there is only non-zero component qxx, which is a function of z only. In view of
this, the yield condition on the total stresses for the plane strain half space is:f ðkrij; qxxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkrzz  krxx  qxxÞ2 þ 4k2r2xz
q
 ðkrzz þ krxx þ qxxÞ sin/ 2c cos/ ¼ 0 ð17ÞBy setting of/oqxx = 0, we can ﬁnd the following optimal residual stress without any constraint:qxx ¼ 2c tan/þ k rxx 
1þ sin2 /
cos2 /
rzz
	 

ð18Þand the corresponding load factor is (see, also, Collins and Cliﬀe, 1987; Yu, 2005):k ¼ cjrxzj  rzz tan/ ð19ÞIf we impose the yield constraint on the residual stress by enforcing f(qxx) = 0, we obtain the following two
bounds for qxx:qþxx ¼ 2c tan /2  p4
 
qxx ¼ 2c tan /2 þ p4
 
(
ð20Þwhere qþxx and q

xx are the compressive and tensile strength limits of the soil, respectively.
The static shakedown limit and the various upper bounds except type 3 can be computed according to the
procedures outlined by Krabbenhøft et al. (2007a) for Hertzian contact. Alternatively, we can employ the
method of conics, proposed initially by Sharp and Booker (1984) and later elaborated on by Collins and Cliﬀe
(1987), to ﬁnd the various shakedown limits. As remarked by Collins and Cliﬀe (1987), the yield equation for
each material point Eq. (17) is a conic in terms of k and qxx. Depending on the sign of the quantity
s = jrxzj  rzztan/, it can be an ellipse (s > 0) (p1, p2 and p3 in Fig. 4 for instance), a parabola (s = 0), or a
hyperbola (s < 0). For the last two cases, the resultant load factor is either inﬁnite or negative, so that the cor-
responding material element is usually not the critical point we are after. We thus use the case where all conics
are ellipses in the following demonstration. From the form of Eq. (17), it is readily seen that the ellipses for all
material points will pass through two-points, ðqþxx; 0Þ and ðqxx; 0Þ, in the plane of qxx and k (see Fig. 4). We next
assume the half space is divided into a grid by a series of inﬁnitely-long horizontal lines at depths (zj, j = 1,
2, . . .) and a series of semi-inﬁnite vertical lines at locations (xi, i = 1,2,. . .). Each material element is denoted
by an intersecting point of these lines, such as the points p1, p2 and p3 as shown in Fig. 4.
(1) Upper bound type 1: To determine the upper bound type 1 load factor, we need ﬁrst to ﬁnd the corre-
sponding optimal load factor that satisﬁes Eq. (2) at each material point in each layer. This is determined by
the corresponding k of the top-most point of each conic, for example, kA for p2, kB for p1, and kC for p3 in
Fig. 4. These points can be found from the diﬀerential of Eq. (17) with respect to qxx through Eqs. (18)
and (19). We then record the smallest positive k value, kI, of all the load factors k
(i,j) in the half space as
the one corresponding to the upper bound type 1 (e.g., kA amongst kA, kB and kC in Fig. 4). We note, however,
that for the moving contact problem being treated here, qxx is the only non-zero component of the residual
stress ﬁeld that is independent of x and the equilibrium condition has actually been used once. Strictly speak-
ing, the shakedown load factor derived here is not the one as deﬁned in Eq. (2). Nevertheless, it is still an upper
bound on the static shakedown limit and we will call it an ‘upper bound type 1’ in this paper.
(2) Upper bound type 2: Now if we impose the yield constraint on the residual stresses as well as the con-
ditions for the above case, we obtain a load factor of upper bound type 2, kII. To ﬁnd this quantity, we ﬁrst
obtain the optimal load factor at each material point according to Eq. (19), and then check if the correspond-
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þ
xx and q

xx in Eq. (20).
Referring to Fig. 4 for material point p2, the corresponding optimal residual stress qAxx 2 ½qxx; qþxx, so that kA is
a valid optimal load factor satisfying Eq. (3). In contrast, for material points p 1 and p3, neither qBxx nor q
C
xx is
within the range ½qxx; qþxx so that kB and kC are invalid load factors. In this case, we need to choose the largest k
from the two intersection points of the conics with the two vertical boundary lines qxx ¼ qþxx and qxx ¼ qxx. For
p1 and p3, we see from Fig. 4 that the corresponding load factor can be obtained as kB0 and kC0 , respectively.
Once the load factors for all material points are obtained as described above, the corresponding load factor for
an upper bound type 2, kII, is the minimum amongst them.
(3) Static shakedown limit: To determine the static shakedown limit deﬁned in Eq. (1), we have to enforce
the equilibrium conditions as well as the constraints for an upper bound type 2 solution. This implies that the
residual stress qxx for the corresponding load factor has to be uniform for each layer (oqxx/ox = 0). As an
illustrative demonstration, some typical cases are presented in Fig. 5(a–c). If the minimum load factor kA
and the corresponding optimal residual stress qAxx 2 ½qxx; qþxx give stresses at all other material points that lie
within or on the yield surface (case Fig. 5a), then kA is the load factor we need to record for this layer. Other-
wise, if kA and qAxx violate the yield condition at some material points (as shown in Fig. 5b and c), we need to
ﬁnd the intersection point of these conics with the largest load factor, such as point A
0
in Fig. 5b and c, and
record this. The static shakedown limit is then given as the minimum load factor for all layers. In practical
numerical computations, it is too laborious to search for the static shakedown limit in the above way. Instead,
we employ a ‘scanning line’ method as shown in Fig. 5d. This method divides the range of ½qxx; qþxx into a series
of ﬁne scanning lines qkxx, where each scanning line corresponds to a residual stress. For each scanning line
and layer, we solve the yield Eq. (17) at each material point for a positive k. The minimum for all such points
is recorded as the optimal load factor, kqz, for this layer and scanning line. Upon scanning through the range
½qxx; qþxx, the maximum of all kqz is recorded as the load factor for the layer kz. This process is repeated for all
layers, and the static shakedown limit is obtained by taking the minimum of all kz. The above procedure for
determining of static shakedown limit can also be found in Krabbenhøft et al. (2007a).
In theory, if the exact elastic stress ﬁeld is known, the static shakedown limit deﬁned by Eq. (1) can be
found as the best of all the lower bounds. This is equivalent to determining the exact shakedown limit. In prac-
tice, however, this is often diﬃcult and we must obtain the shakedown limit numerically. The accuracy of such
a solution is governed by the discretisation and any additional tolerances. In the following, we employ very
ﬁne meshes and tight tolerances to minimise the overall solution error. Even so, what we obtain is essentially
a lower bound rather than an exact value for the shakedown limit. In view of this, we described the shakedown
limit computed as a ‘static shakedown limit’.
Compared to the type 1 and type 2 upper bounds, the determination of type 3 upper bounds is much more
diﬃcult. In this case, there are no obvious bounds on the residual stresses to use with the scanning line method
when dealing with the equilibrium condition. Where all conics in a layer are ellipses, we can ﬁnd a pair of
bounds, q^xx and q^
þ
xx, by determining the maximum of the left-most bounds and the minimum of the right-most
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Fig. 5. Determination of static shakedown limit. (a–c) Some typical examples by using the method of conics; (d) by using the scanning line
method.
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applied to calculate the type 3 upper bound. However, in the case where the conics are hyperbolic and/or par-
abolic, the situation becomes very complicated. Since this case can be found by other means, such as ﬁnite
element limit analysis formulations, it will not be dealt with here.
In the following computations the contact half-length, a, and the cohesion of the soil, c, will be used to
normalise all other variables. This permits the load factor kp0/c to be used to evaluate the shakedown limit
and the two upper bounds. Generally speaking, the critical material point for the shakedown load factor
occurs within a small distance of the contact area. Thus a domain of widthW and depth D around the contact
area is used in the computation. This domain should be large enough to cover all possible critical points, while
at the same time being as small as possible to reduce the computational eﬀort when a very ﬁne mesh is used
(Fig. 7). Note that a structured mesh is preferred to an unstructured mesh, as it is more convenient for check-
ing the load factor layer by layer. The complete numerical procedure for computing the shakedown load factor
is shown in Table 1. The quantities W/a and D/a are, respectively, the normalised width and depth of the
domain, while b /a speciﬁes the form of the trapezoidal contact. The quantities nx and nz denote the number
of nodes in the x and z directions for the mesh, nq is the number of divisions for checking that the residual
stress is within the bounds (20), l is the roller friction coeﬃcient, / is the soil internal friction angle, and
TOL denotes a small numerical tolerance.4.2. Results and discussion
We start with a simulation region that is large enough to include all the critical material points for the initial
calculations of the various shakedown load factors. The initial region is chosen to be x = [4a, 4a] and
z = [0,4a]. The simulated area is discretised into 400  200 (nx  nz) structured elements as illustrated in
Fig. 7. An initial computation is then carried out to roughly locate the critical positions which govern the
shakedown load. To accurately determine the shakedown limit, the simulated region is narrowed to include
a small area around the critical position while retaining horizontal symmetry (say x = [1.25a, 1.25a] and
z = [0, 1.25a] for example) and another reﬁned mesh (say 800  400) is generated in this area again to com-
pute the shakedown limit. The sensitivity of the shakedown load factors to the mesh resolution as well as sim-
ulated region size will be discussed later. For the static shakedown limit, we divide the range of qxx deﬁned by
Eq. (20) into 400 (nq) segments. The friction coeﬃcient for the roller-road surface is assumed to lie in the range
xxρ
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Fig. 7. Illustration of the mesh used for shakedown analysis.
3300 J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312[0,1], while the internal friction angle of the soil is taken as 0, 15, 30 and 45. The tolerance for approxi-
mating zero, TOL, is set roughly equal to the machine precision (1016).
4.2.1. Load factors for shakedown under Hertzian and trapezoidal surface contacts
We ﬁrst consider trapezoidal contact where the ratio of b/a = 0.5 is adopted. Fig. 8 presents the shakedown
and elastic limit load factors for both trapezoidal and Hertzian contact, where the latter are due to Krabbenhøft
et al. (2007a). Note that the load for the trapezoidal contact has been scaled to the Hertzian case using Eq. (8) so
that all the load factors can be expressed in terms of the maximum Hertzian pressure p0. For future reference,
Table 2 also gives the shakedown results for the trapezoidal case in terms of the maximum pressure p00.
Some common trends in the load factors can be observed from Fig. 8 for both the Hertzian and trapezoidal
contact approximations:
(1) The shakedown load factors decrease rapidly as the roller friction l increases, and increase mark-
edly with the increasing internal friction angle / (particularly at low l values). This echoes the earlier ﬁnd-
ings for frictionless materials of Johnson (1990), Hills and Ashelby (1982) and Ponter et al. (1985), as well
as the results for frictional materials of Sharp and Booker (1984), Collins and Cliﬀe (1987) and
Krabbenhøft et al. (2007a). If the friction coeﬃcient l is small, the critical position for the shakedown
factor is subsurface; whereas if l is large, surface failure becomes critical. In the latter case, the shake-
Table 1
Flow chart for determination of the elastic limit, shakedown limit, upper bound type 1 and type 2
(1) Enter with the parameters: W/a, D/a, b/a, nx, nz; nq, l, /; TOL
a;
(2) Discretise the concerned region into a structured mesh nx  nz;
(3) Calculate qþxx and q

xx according to Eq. (20) and divide q
þ
xx  qþxx
 
into nq steps;
(4) Set kSD = kI = kII = kIII = 0;
(5) Loop: i = 1tonz
(6) Loop: j = 1tonx
(7) Calculate rði;jÞxx , r
ði;jÞ
zz and r
ði;jÞ
xz according to the Hertzian elastic stresses or the trapezoidal ones in (10)-(15).
(8) Calculate aði;jÞ1 ¼ jrði;jÞxz j  rði;jÞxz tan/.
(9) Calculate aði;jÞE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrði;jÞzz  rði;jÞxx Þ2 þ 4ðrði;jÞxz Þ2
q
 ðrði;jÞzz þ rði;jÞxx Þ sin/
(10) Calculate qði;jÞxx according to Eqs. (18) and (19).
(11) If:qði;jÞxx P q
þ
xx or q
ði;jÞ
xx 6 qxx
(12) Let qxx ¼ qþxx and qxx ¼ qxx, calculate k^ðjÞþII and k^ðjÞII by Eq. (18);
(13) Determine k^ðjÞII ¼ maxðk^ðjÞþII ; k^ðjÞII Þ.
(14) Else
(15) Use qði;jÞxx to calculate k^
ðjÞ
II according to Eq. (18).
(16) End-If
(17) End-Loop
(18) Determine kðiÞII ¼ minjk^ðjÞII .
(19) Loop: j = 1to(nq + 1)
(20) Calculate qðjÞxx ¼ qxx þ ðj 1Þððqþxx  qxxÞ=nqÞ;
(21) Loop over k = 1tonx
(22) Substitute qðjÞxx , r
ði;kÞ
xx , r
ði;kÞ
zz and r
ði;kÞ
xz into Eq. (17) and solve for k. If there are two roots for k : k
_ðkÞ1
SD and
k
_ðkÞ2
SD ; k
_ðkÞ
SD ¼ maxðk
_ðkÞ1
SD ; k
_ðkÞ2
SD ; 0Þ. If there is no root for k, k
_ðkÞ
SD ¼ inf where inf is a large positive number.
(23) End-Loop
(24) Determine ~kðjÞSD ¼ mink k
_ðkÞ
SD ;
(25) End-Loop.
(26) Determine kðiÞSD ¼ maxj~kðjÞSD;
(27) End-Loop
(28) Calculate kI ¼ 1=maxði;jÞaði;jÞ1 ; kII ¼ minikðiÞII ; kE ¼ 2 cos/=maxði;jÞaði;jÞE , kSD ¼ minikðiÞSD.
(29) Output kSD, kI, kII and kE.
a Note that TOL is used in Step (12) and Step (22), even though it is not shown explicitly.
J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312 3301down limit is governed by the range of the elastic stress rxx and the non-proportional cycle of stress expe-
rienced by a surface element of the road. This stress cycle is particularly damaging to the life of a pave-
ment and comprises a tensile stress rxx, an orthogonal shear stress rxz, and then a compressive rxx. The
non-smooth point in the static shakedown curve for each / indicates the boundary between surface and
subsurface failure in terms of l. Since l for the transition point becomes smaller when the internal friction
angle / increases, this implies that surface failure is more likely to occur in a frictional soil than in a fric-
tionless one (under the same surface traction).
(2) In both upper bound solutions, there is a non-smooth transition point in the response which indicates a
change from subsurface failure to surface failure as the coeﬃcient of friction is increased. This point, however,
occurs at a larger value of l than in the static shakedown case (except for Hertzian contact with / = 0, where
all three curves coincide). These results highlight the fact that a physically realistic residual stress ﬁeld will cause
signiﬁcant deformation of the soil in the proximity of the surface. When this eﬀect is combined with an external
load that causes large shear stresses, surface failure is easily triggered. For the two upper bounds, relaxing the
equilibrium conditions and/or yield constraint on the residual stresses results in soil elements that may deform
as rigid bodies, so that more of the surface load is transmitted to deeper elements. This explains why these solu-
tions predict subsurface failure at relatively high friction coeﬃcients.
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J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312 3303(3) The static shakedown limit kSD, its two upper bounds, kI and kII, and the elastic limit kE are such that
kE 6 kSD 6 kII 6 kI or all cases. For small friction coeﬃcients (for example l 6 0.32 for the case of / = 0),
subsurface failure is critical and the static shakedown limit coincides with the other two upper bounds. When
Table 2
Shakedown limit load factors, kp00=c, for a trapezoidal load distribution with b/a = 0.5, where p
0
0 is the maximum vertical pressure at the
centre of the trapezoid
/ l = 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 3.789a 3.371a 3.022a 2.729a 2.133b 1.707b 1.422b 1.219b 1.067b 0.948b 0.853b
15 6.164a 5.341a 4.690a 4.167a 3.420b 2.637b 2.123b 1.750b 1.478b 1.270b 1.110b
30 10.588a 8.824a 7.523a 5.344b 3.968b 3.133b 2.576b 2.168b 1.862b 1.614b 1.421b
45 20.193a 15.833a 9.872b 6.578b 4.901b 3.894b 3.210b 2.713b 2.330b 2.036b 1.792b
a Subsurface failure.
b Surface failure.
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better than the type 1 upper bound. Nevertheless, both upper bounds are signiﬁcantly higher than the static
shakedown limit for these cases. For example, with a trapezoidal contact pressure and / = 30 and l = 0.7,
the type 1 upper bound and type 2 upper bound are, respectively, 99% and 80% higher than the corresponding
static shakedown limit. This suggests that neither of these upper bounds should be used for practical pavement
design. It is noteworthy that for frictionless soils where / = 0, the shakedown limits for the Hertzian and trap-
ezoidal contact conditions coincide with the elastic limit when surface failure dominates.
Fig. 8 shows that there are some major diﬀerences between the shakedown limits for the Hertzian and trap-
ezoidal contact cases:
(1) For the same contact length and total pressure, the static shakedown limit for the trapezoidal contact
pressure is smaller than its Hertzian counterpart for the frictionless case. When the friction angle is
increased, this trend remains true when l is small and subsurface failures are critical. However, when l
is large and surface failure becomes critical, the trend is reversed with the static shakedown limit for trap-
ezoidal contact being greater. This implies that for frictionless soils like clays, the trapezoidal surface pres-
sure distribution for rolling and sliding contact results in a stress ﬁeld with larger stress-concentrations than
the Hertzian case, and a pavement design based on the former contact approximation is thus more conser-
vative. For frictional soils, the trapezoidal shakedown limit is less than the Hertzian shakedown limit for
rollers with small friction coeﬃcients, but becomes greater (and unconservative) when the roller friction
coeﬃcient is large.
(2) The transition point from subsurface to surface failure. For Hertzian contact, the transition point
occurs at smaller values of l as the internal friction angle / increases. For the trapezoidal case, this rule
does not always apply and we ﬁnd that for / = 0, 15, 30 and 45, the corresponding transitional fric-
tion coeﬃcients are l = 0.32, 0.35, 0.22 and 0.13, respectively. Compared to the Hertzian case, the tran-
sition value of l is smaller for the trapezoidal contact case when the soil is frictionless, but larger when
the soil is frictional.
Fig. 9 presents a comparison of the new and previous shakedown results. For all four internal friction
angles, the new shakedown results for the trapezoidal contact case are very close to those obtained by Sharp
and Booker (1984), but vary signiﬁcantly from those given by Collins and Cliﬀe (1987). The shakedown loads
predicted by the latter are generally smaller than our new results and have no obvious (non-smooth) transition
points at all. The reason for this discrepancy is unknown.
4.2.2. Eﬀect of variable trapezoidal shape on the shakedown load factors
We now study the inﬂuence of the shape of the trapezoidal pressure distribution, governed by the ratio of b/
a, on the shakedown load factor. Five values of b/a are selected for this purpose: b/a = 0, 0.3, 0.5, 0.8 and 0.99.
The maximum pressure p00 and the contact half-length a for the distribution are assumed to be the same for all
cases. Fig. 10 shows the computed results for the case / = 30.
Results in Fig. 10a are for a normalised load factor that is scaled for trapezoidal contact by kp00=c (not by
the maximum Hertzian contact pressure p0). Note that the case of b/a = 0 corresponds to a triangular pressure
distribution, while the case of b /a = 0.99 approximates a rectangular distribution. The exact rectangular case,
where b/a = 1.0, cannot be modelled due to the occurrence of a stress singularity at the edge of the contact
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J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312 3305area due to the tangential traction (see, also, Johnson, 1985, Fig. 2.9 therein). Fig. 10a shows that as b/a is
reduced, the shakedown limit increases and the transition from subsurface to surface failure occurs at larger
values of l for the frictional soils considered. Fixing p00 and a, while varying b/a, corresponds to a roller with a
diﬀerent overall load. In view of Fig. 2, larger values of b/a most closely simulate the eﬀects of a tyre under
higher load ratio. From Fig. 10a we also see that when b/a approaches 1, the shakedown curve becomes
smooth and no obvious non-smooth point identifying the change from subsurface to surface failure is
observed.
Alternatively, we can ﬁx the contact half-length and assume the overall force applied to diﬀerent trapezoi-
dal distributions is the same. By doing this, we can investigate the cyclic bearing capacity for various contact
shapes under the same total load. In this case, the maximum pressure for each case will vary according to b/a.
To make the various static shakedown limits for all cases comparable, we use the maximum pressure p00 for the
case of b/a = 0.5 as a benchmark, and normalise all load factors with respect to this pressure and the soil cohe-
sion c. The resulting static shakedown limits are shown in Fig. 10b. For the same contact length and overall
load, the ratio b/a aﬀects the transition from subsurface to surface failure. The larger the ratio b/a is, the ear-
lier this transition occurs in terms of l.
It is interesting to note that, in the extreme case when b/a = 1.0 and l = 0 such that the pressure distribu-
tion becomes a uniform one and there is no tangential traction, the following analytical solution to the elastic
shakedown limit can be found2:2 Thksd ¼
p0
c
¼ p
1 ðp
2
 /Þ tan/ ð21ÞFig. 11 presents the variation of this shakedown limit with respect to the frictional angle, compared to the
corresponding Hertzian contact case. The above result can serve as a useful benchmark for further numerical
shakedown analysis.is result was provided by the fourth author via personal communication.
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Fig. 11. Shakedown limit under uniform pressure distribution as obtained by Eq. (21).
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Generally speaking, numerical computation of shakedown load factors is highly sensitive to the level of
mesh reﬁnement and the accuracy of the stress ﬁeld. Even when the exact stress ﬁeld is available, high reso-
lution meshes must be employed to capture the shakedown limit accurately. Moreover, the division of the
range bounded by qxx and q
þ
xx also has to be suﬃciently ﬁne to isolate the optimal residual stress precisely.
In passing, we note that the same issues will arise if a discrete ﬁnite element method is used to estimate the
shakedown limit, especially if a numerical elastic stress ﬁeld is used to approximate the exact stress ﬁeld.
Indeed, the adoption of very ﬁne meshes can lead to enormous computational eﬀort; not only in the calcula-
tion of the stresses, but also in the computation of the shakedown limit using advanced optimisation solvers.
To illustrate this point, we consider the trapezoidal contact case. Fig. 12 shows the sensitivity of the shake-
down results for / = 30. In Fig. 12(a), we ﬁrst adopt three diﬀerent regions of simulation: (A)
x = [4a, 4a] and z = [0,4a]; (B) x = [2a, 2a] and z = [0,2a]; and (C) x = [1.25a, 1.25a] and z = [0,1.25a],
and discretise them with the same mesh resolutions (nx,nz,nq) = (400,200,200). Note that the three simulation
regions chosen for investigation cover all possible critical locations for both subsurface and surface failures. In
Fig. 12(b), we use three diﬀerent mesh sizes for a simulation region of x = [1.25a, 1.25a] and z = [0,1.25a]:
(A) (nx,nz) = (100,50); (B) (nx,nz) = (200,100); and (C) (nx,nz) = (400,200). Note that nq is ﬁxed in this case to
be 200. In Fig. 12(c), we ﬁx the mesh size (nx,nz) to be (400,200) for the region x = [1.25a, 1.25a] and
z = [0,1.25a], but apply three resolutions of nq to the computation: (A) nq = 50; (B) nq = 100; and (C)
nq = 200.
It appears from Fig. 12 that the static shakedown limits are slightly sensitive to the simulation region size,
mesh resolution and resolution of the residual stress when surface failure governs, whereas the two upper
bound solutions are largely insensitive to these factors for all values of l. The static shakedown limits are
reduced when the simulated region is narrowed, the mesh is reﬁned and surface failure governs. Overall,
the shakedown solutions cease to change substantially once the mesh uses a discretisation of (400,200)
together with nq = 200. In view of these observations, (nx, nz) = (800,400) and nq = 400 were used with a sim-
ulation region of x = [1.25a, 1.25a] and z = [0,1.25a] to generate the results shown in the previous sections.5. Conclusions
In this paper, we have considered the application of Melan’s theorem to predict the shakedown limit of a
cohesive-frictional half space under moving surface load. It shown that, other than the yield constraints on the
total stresses, the self-equilibrium and yield constraints on the residual stresses are equally indispensable in
deriving rigorous lower bounds. Relaxing one or both of the last two conditions essentially results in various
upper bounds to the shakedown limit.
Two pressure distributions for the surface loads are considered, namely Hertzian contact and trapezoidal
contact. A new closed form solution for the elastic stress ﬁeld of a half space under trapezoidal vertical and
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
2
4
6
8
10
12
Roller friction coefficient μ
N
o
rm
al
is
ed
 
lo
ad
fa
ct
o
r
λ p
' 0/
c
Internal friction angle φ = 30o
Elastic Limit
Static Shakedown Limit
Upper Bound Type 2
Upper Bound Type 1
Simulated Region:
    x = [-1.25a, 1.25a], z = [0, 1.25a]
Mesh Resolution
nρ = 200
A: ( n
x
, n
z
 ) = (100, 50)
B: ( n
x
, n
z
 ) = (200, 100)
C: ( n
x
, n
z
 ) = (400, 200)
AC
AC
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
2
4
6
8
10
12
Roller friction coefficient μ
N
or
m
al
is
ed
 lo
ad
 fa
ct
or
λ p
' 0/
c
Internal friction angle φ = 30o
Elastic Limit
Static Shakedown Limit
Upper Bound Type 2
Upper Bound Type 1
Simulated Region:
A: x = [-4a, 4a], z = [0, 4a]
B: x = [-2a, 2a], z = [0, 2a]
C: x = [-1.25a, 1.25a], z = [0, 1.25a]
Mesh Resolution
    ( n
x
, n
z
, nρ ) = (400, 200, 200)AC
AC
a
b
Fig. 12. Sensitivity of shakedown limit and the upper bounds to the (a) simulated region, (b) mesh resolution, and (c) resolution of qxx.
3308 J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312horizontal load distributions is obtained. The diﬀerence between the static shakedown limit and its various
upper bounds for both contact types are demonstrated and comparisons between them have been made.
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down solutions obtained from other numerical methods.
Some additional points that are noteworthy are as follows: (1) The contact type discussed in this paper is
assumed to be complete slip where the tangential force Q is equal to the limiting friction lP. In the case of
partial slip where Q is less than lP, a ‘microslip’ may occur (Johnson, 1985). Johnson (1990) showed that,
for a frictionless material modelled by a Tresca yield criterion, this behaviour will reduce the shakedown limit
when surface failure is involved at high friction. (2) Elastic perfectly plastic material behaviour has been
assumed in the analyses given in this paper. It is well-known that in such materials, shakedown occurs due
to the formation of residual stress ﬁelds. The shakedown of material bodies with more complex mechanical
behaviour, however, may be caused by additional factors such as microstructural changes (for example, strain
hardening) and geometry changes. (3) Two-dimensional plane strain deformation has been assumed for the
contact between the roller and the road surface. However, the real contact behaviour is three-dimensional
in nature. As remarked by Collins and Cliﬀe (1987), the plane strain analysis is slightly conservative as it pro-
vides smaller shakedown limits than those from three-dimensional elliptical Hertzian contact. This needs to be
taken into consideration if the current results are to be used for practical applications. (4) A single homoge-
neous layer of road material has been considered in this paper. Bitumen pavements, however, are mostly lay-
ered structures with several layers of bituminous, rigid and granular materials. The numerical procedure
developed here can also be applied to multilayered cases, provided suitably accurate elastic stress ﬁelds are
available.Appendix A. Closed form elastic stress solution of half space under Trapezoidal normal pressure and tangential
traction
The stress distribution under trapezoidal pressures (in both the vertical and horizontal directions) is
obtained using the procedure described in Johnson (1985). The stresses in the x  z half plane induced by
3310 J. Zhao et al. / International Journal of Solids and Structures 45 (2008) 3290–3312any combination of distributed normal and tangential tractions can be obtained by the following expressions
(note that compression is taken as positive here):rxx ¼ 2zp
R a
a
pðsÞðxsÞ2ds
½ðxsÞ2þz22 þ 2p
R a
a
qðsÞðxsÞ3ds
½ðxsÞ2þz22 ;
rzz ¼ 2z3p
R a
a
pðsÞds
½ðxsÞ2þz22 þ 2z
2
p
R a
a
qðsÞðxsÞds
½ðxsÞ2þz22 ;
rxz ¼ 2z2p
R a
a
pðsÞðxsÞds
½ðxsÞ2þz22 þ 2zp
R a
a
qðsÞðxsÞ2ds
½ðxsÞ2þz22 :
8>><
>>>:
ðA:1Þwhere s and ds are depicted in Fig. A.1. Now for the trapezoidal traction distribution, the normal and tangen-
tial pressure distribution functions are:pðsÞ ¼ sþaab p0; qðsÞ ¼ sþaab q0; a 6 s < b;
pðsÞ ¼ p0; qðsÞ ¼ q0; b 6 s 6 b;
pðsÞ ¼ asab p0; qðsÞ ¼ asab q0; b < s 6 a:
8><
>: ðA:2Þwhere p0 and q0 are the maximum normal pressure and horizontal traction, respectively. Substituting Eq. (A.2)
into Eq. (A.1), the expressions for the three stresses may be integrated to obtain:rxx ¼ p0pða bÞ
z ln ðxþbÞ
2þz2
ðxþaÞ2þz2
 
ðxbÞ2þz2
ðxaÞ2þz2
  
þ ðxþ aÞ arctan xþaz
  arctan xþbz  
ðx aÞ arctan axz
  arctan bxz  þ ða bÞ arctan bxz þ arctan bþxz  
8<
:
9=
; ðA:3Þ
þ q0
pða bÞ
3z arctan xaz
  arctan xbz  arctan xþbz þ arctan xþaz  
þðx aÞ ln ðxaÞ2þz2ðxbÞ2þz2
 
 ðxþ aÞ ln ðxþbÞ2þz2ðxþaÞ2þz2
 
 ða bÞ ln ðbxÞ2þz2ðbþxÞ2þz2
 
8<
:
9=
;
rzz ¼ p0p
ðxþaÞ
ðabÞ arctan
xþa
z
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z
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z
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z
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z
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:
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;If we employ the notation of Poulos and Davis (1974) and use the following expressions (see Fig. A.1)ab
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Fig. A.1. Trapezoidal contact.
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a3 ¼ arctan xþaz  arctan xþbz ;
R21 ¼ ðx aÞ2 þ z2; R22 ¼ x bð Þ2 þ z2;
R23 ¼ xþ bð Þ2 þ z2; R24 ¼ ðxþ aÞ2 þ z2:
8>>><
>>:
ðA:6Þthen the above solution may be rewritten as:rxx ¼ p0pðabÞ z ln
R2
3
R2
4
R2
2
R2
1
 
þ ðxþ aÞa3  ðx aÞa1 þ ða bÞa2
n o
þ q0pðabÞ 3zða3  a1Þ þ ðx aÞ ln
R2
1
R2
2
 
 ðxþ aÞ ln R23
R2
4
 
 ða bÞ ln R22
R2
3
 n o
rzz ¼ p0pðabÞ ðxþ aÞa3 þ ða bÞa2  ðx aÞa1f g þ zq0pðabÞ a1  a3f g
rxz ¼ zp0pðabÞ a1  a3f g þ q0pðabÞ z ln
R2
3
R2
4
R2
2
R2
1
 
þ ðxþ aÞa3  ðx aÞa1 þ ða bÞa2
n o
8>>>><
>>>>:
ðA:7ÞThe above results can be further simpliﬁed to such special cases as triangular and uniform distributions of
pressure, for which the reduced solutions can be easily veriﬁed to be identical with those presented in Johnson
(1985) and Poulos and Davis (1974).
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